The algebraic formalism of QCD is expounded in order to demonstrate the resolution of Gauß constraints on the quantum level. In the algebraic approach energy eigenstates of QCD in temporal gauge are represented in an algebraic GNS-basis. The corresponding Hilbert space is mapped into a functional space of generating functional states. The image of the QCD-Heisenberg dynamics becomes a functional energy equation for these states. In the same manner the Gauß constraints are mapped into functional space. In functional space the Gauß constraints can be exactly resolved. The resolutions are defined by nonperturbative recurrence relations. The longitudinal color electric energy can be expressed by means of these resolvents, which leads to "dressed" color Coulomb forces in temporal gauge. Although present in the system, the longitudinal vector potentials do not affect its energy eigenvalues. This leads to a selfconsistent subsystem within the functional energy equation in temporal gauge which has to be identified with a functional energy equation in Coulomb gauge. In addition this procedure implies a clear conception for the incorporation of various algebraic representations into the formal Heisenberg dynamics and establishes the algebraic "Schrödinger" equation for QCD in functional space.
Introduction
One of the outstanding and unsolved problems of quantum chromodynamics is the investigation of its low energy sector, although numerous papers about this topic have been published. In this sector mesons and nucleons are formed and this formation should be governed and explained by the effective forces arising from an appropriate evaluation of quantum chromodynamics. In gauge theories redundant variables occur in various gauges, and the derivation of effective forces in such theories is closely connected with the elimination of these redundant variables, as is demonstrated by the example of quantum electrodynamics. In order to maintain manifest covariance, covariant gauges cannot do without redundant variables and thus they are not suited for the evaluation of effective forces. Hence non-covariant gauges have to be applied. Non-covariant gauges were increasingly treated in the literature. For reviews see [1] - [4] , Although these gauges are not manifestly covariant it can be shown that they can be correctly Poincare transformed by a mixture of gauge transformations Reprint requests to Prof. H. Stumpf. and Poincare transformations [5] - [8] . In the perturbative range renormalizability is also secured f 1], [9] ,
Guided by the example of quantum electrodynamics the most popular approach consists in the elimination of redundant variables at the classical level. This is achieved by the introduction of gauge invariant variables, which are non-cartesian field "coordinates", or equivalently by direct solution of the constraints [6] , [11] - [19] . Apart from observations that this procedure is not consistent with direct canonical quantization [20] the preconditions for the success of this procedure are very restrictive already at the classical level [6] , [13] . For canonical quantization a resolution of the constraints on the operator level was performed in axial gauge [21] - [23] . Frequently loop variables are proposed. But loop variables can only be exactly evaluated for quantum Maxwell fields [24] , In addition, inconsistencies have been discovered [25] . Apart from path integral manipulations which stem from the classical treatment and suffer from the same drawbacks, Schrödinger equations for the gauge fields are used [26] - [34] , But Schrödinger equations for fields suffer from the ill defined representation problem. Hence, with respect to these various drawbacks we 0932-0784 / 97 / 0100-220 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72072 Tübingen do not follow any of these approaches in this paper. Rather, in treating this problem we try to establish an algebraic formalism for canonically quantized gauge fields, which is in accordance with the principle of algebraic representation theory. In order to avoid any difficulty with non-cartesian coordinates we use a strictly cartesian coordinate version of chromodynamics, which imperatively leads to the use of temporal gauge. The general algebraic formalism for quantum gauge fields was developed for the example of quantum electrodynamics in a foregoing paper [35] which we denote here by I. In the following we concentrate on the peculiarities of the nonabelian case.
In I we demonstrated that the evaluation of the Coulomb forces in quantum electrodynamics can be achieved without Coulomb gauge fixing if one starts with temporal gauge fixing conditions and residual gauge invariance constraints, and afterwards evaluates Coulomb forces by suitable transformations. In this way the Coulomb gauge is circumvented, but nevertheless the Coulomb forces are explicitly derived. In nonabelian theories temporal gauge fixing conditions can be exactly fulfilled [36] , It is the aim of this paper to show that also the invariance conditions against residual gauge transformation can be exactly resolved on the quantum level. As a consequence one then obtains explicit expressions for the effective "color" Coulomb forces in temporal gauge. In this way the "Coulomb" gauge is established on the quantum level, which on the classical level cannot be exactly calculated. This is a hint that the constraint problem in quantum theory is of another quality than in classical theory. In the literature so far this fact was failed to see, as neither by use of operator calculations nor by use of path integrals this difference between classical and quantum theories can be discovered. Both these approaches have too much affinities to the classical theory in leaving the representation problem out of consideration. In the present investigation the representation problem is taken into account by working with algebraic states or related quantities. In so doing we develop a method of treating the quantization of abelian and nonabelian gauge theories which, apart from the problem of existence for the whole theory, is completely exact, i.e., without any approximation.
With respect to a more detailed explanation and motivation for the algebraic method pursuit in this paper we refer to the introduction of the paper on quantum electrodynamics where these topics are extensively discussed.
Classical nonabelian gauge theory
We proceed in complete analogy to QED. We adopt the metric g ß \ = diag( 1, -1, -1, -1) with x M = (t, r) and = (A°a,A a ) in accordance with I. We take into account the coupling of the nonabelian gauge field to fermions. The Lagrangian of this system reads
The canonical conjugate momenta are
We formulate the field equations resulting from the Lagrangian formalism in terms of canonically conjugate variables. In this form the classical field equations are
The constraints are
with "
and the fermion equations are
+ igA^La)^ Y + mip = 0.
The notation is standard and can be found elsewhere [36] ,
In temporal gauge A® = 0 and with use of superspinors these equations go over into 
The Hamiltonian belonging to this system is given
if formulated in terms of conjugate variables. In this case H shows a dependence on A 0 for .4° ^ 0, but it can be demonstrated that the A {) = 0 gauge is possible [36] . If one tries to derive the field equations by the canonical Hamilton formalism one obtains only equations (9), (10), but not the Gauß law (6) . As in QED, this is caused by the fact that the Hamiltonian (12) still admits residual gauge transformations [36] with uj = uj(r) € Co°(IR 3 ). These gauge transformations are given by
and leave (12) invariant. As will be discussed in more detail in section 3 the Gauß law is the infinitesimal generator of the residual gauge transformations (14) , (14) , (16) of homotopy class zero [36] . In order to further investigate its meaning we decompose the fields into transversal and longitudinal parts
We observe that for the transversal fields the relations hold, and from these relations it follows
The corresponding Hamilton operator can be written as
It was demonstrated in I that by suitable gauge transformation for abelian theories, i.e. quantum electrodynamics, this Hamiltonian can be transformed into the Coulomb gauge Hamiltonian. In this way the Gauß constraint can be resolved on the classical level and the redundant variables can be eliminated. If one tries to extend this method to nonabelian theories one gets into difficulties. For brevity we give only the result of the corresponding nonabelian gauge transformations. By means of these transformations for t = 0 the Hamiltonian (18) goes over into 
Therefore, apart from the explicit manifestation of the Coulomb forces, for the explicit solution of the classical theory nothing is gained, i.e. it is not possible to remove the superfluous variables from the theory.
It would be a real progress if one were able to resolve the nonlinear Gauß law (17) with respect to the longitudinal electric field E a t . But it is supposed that even if one succeeds to do so this would lead to chaos in the classical theory [37] . It is the aim of this paper to demonstrate that these difficulties can only be circumvented by an appropriate algebraic treatment of the corresponding quantized theory.
Nonabelian field quantization
In analogy to the abelian case we start with the temporal gauge Aft = 0. The commutation relations of the nonabelian fields are then given by
while for the fermion fields we stipulate
where the indices ß and ß', respectively, refer to the fermion nonabelian representation. All other commutation or anticommutation relations vanish. Like in quantum electrodynamics it is our aim to incorporate the nonabelian Gauß law (6) into the dynamics. But as we shall see, it is not possible to achieve this incorporation by a gauge transformation. Nevertheless, the gauge transformations are a valuable tool for analyzing the nonabelian theory.
We consider residual gauge transformations of homotopy class zero of the nonabelian field in the linear state space of the theory to be given by U = U^U? with 
where j a {r) is defined by (7) . Homotopy classes unequal zero are omitted, as corresponding theta-angles unequal zero are not allowed to appear [38] .
If gauge transformations are to be implemented in a linear space, they are to be subjected to the correspondence principle as any other transformation. That this principle is satisfied can be seen by direct calculation. One obtains with (23) 
Due to these formulas one can directly verify the gauge invariance of H against the residual gauge transformations U = UBUF, i.e. we have 
and means that in this special case the set of equations is compatible. For the successful application of the algebraic formalism the gauge transformations U = UßUF have to be further specified. In particular the gauge transformations have to be represented by unitary group operations [39] . The unitary implementation of U is guaranteed if the infinitesimal generators are hermitian operators. The latter property can be achieved by a suitable representation of the field operators which itself guarantees the hermiticity of these operators. This hermitian representation of field operators is well known from quantum electrodynamics and holds beyond perturbation theory. It can be transferred to nonabelian fields without essential modification. Hence for the following we assume the field operators in G a (r,t) to be hermitian operators with the consequence that the G a (r. t) themselves become hermitian operators and U becomes unitarily implemented.
Nonabelian quantum field dynamics
For a more detailed discussion of the algebraic approach we refer to I and [40] . Here we repeat only some essentials.
The basis of the algebraic evaluation of quantum field dynamics is given by the Heisenberg relation for eigenstates (0| and |a) of H
where O is any element of the field operator algebra. This relation is only applicable to the genuine dynamical equations, but not to the constraints. In particular if we work in temporal gauge with the Gauß law as constraint, we have to show that neverthless the Gauß law can be included into this formalism.
Following previous investigations the algebra elements O can be chosen as monomials of field operators in order to describe the dynamics of the quantized fields. In our case these monomials are given by In this formal description the field equations (9), (10) and (11) 
where we applied the following definitions
AA'
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(42)
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and where the indices I and K mean / := r, a, A, A; K :=z,j,a,rj (50) nonabelian group index, rj = \ = vector potential, 77 = 2 = color electric field.
In this form, by means of (35), (36), (37) the field equations (38) , (39) can be mapped into functional space. We employ two theorems describing the rearrangement of unsymmetrical monomials of field operators into series of symmetrical monomials for boson operators and antisymmetrical ones for fermion operators and which are expressed in terms of generating functional states. These theorems are formulated in I and we do not explicitly repeat them, rather we refer to I and the proofs given in the papers cited there.
These theorems directly allow the mapping of (35) for all monomials O into functionals space. In so doing we obtain for any (0\(ÖH)\a) and (0\(H())\a) a projection and if the set of O is complete this is equivalent to the functional equation
where H = H(B, ip) in accordance with (40).
This kind of transformation of Hilbert space equations into functional equations can be equally well applied to the Gauß constraint (6).
In our formal description the classical nonabelian a 2 
8(r -ri )8(r -r 2 ).
with r = position, a = spinor index, A = superspinor In quantum chromodynamics the Gauß law is weakly index, A = 1 = spinor, A = 2 = charge conjugated implemented by G L (B,ip)\a) = 0 for all physical spinor, and z = position, j = vector index, A,a = states |a) in accordance with Equations (34).
In the algebraic version this weak condition is projected on the GNS-basis states, which leads to the set of equations
for n, m = 0,1 ... oo.
For these projections the following theorem holds:
For unitary gauge transformations U and gauge invariant states |a) the images of the Gauß constraints (34) in the functional space are given by the equations
and
where (S\ is the functional left solution
and \Q) is defined by (37) . 
Due to Proposition 2 of I this is equivalently expressed in functional space by equations (55).
For the derivation of (56) With respect to the left solutions proposition 2 is incomplete. We postpone the proof that also for (61) left solutions must exist until we explicitly evaluate equations (55), (56) and (61).
The basic variables in functional space are the fermionic sources jj and the bosonic sources bkTogether with their duals d\ and d b K the following nontrivial relations hold.
while all other commutators or anticommutators, respectively, vanish. The generating functionals (37) r are embedded in a functional Fock space, i.e. d\ |0) F = c^|0)f = V/, A'. With respect to the following discussion it should be emphasized that this functional Fock space is only a book-keeping device and lacks any physical meaning. In particular this functional Fock space does not fix the field representations in various Hilbert spaces from the outset, because these representations are expressed by the matrix elements (0|0|a) or (0|0|0) themselves which are in no way influenced by this auxiliary Fock space. The only task of this Fock space is to allow a compact formulation of the field dynamics governed by the field algebra.
From equations (51) and (55) it is obvious that not the sources j and b and their duals themselves are the variables of the functional Hamilton and Gauß operators. Rather these operators exclusively depend on "Bogoljubov" transformed functional variables, which of course are also only book-keeping devices! For these new variables the following nontrivial relations hold
while all other commutators or anticommutators vanish.
We notice that in Hilbert space the quantization conditions (21), (22) can be rewritten in terms of the formal fields B K and tpj which leads to
introduce a slightly modified version. This was discussed in detail in I and we do not repeat it here, but refer to I. We define the new variables A comparison with (65), (66) shows that the "Bogoljubov" transforms of jj and bx obey isomorphic commutation or anticommutation relations to their corresponding original fields, i.e., their inverse images in Hilbert space. From this it follows immediately that the images of H and G in functional space obey the same commutation rules as their inverse images in Hilbert space, see Proposition 3 in I.
Isomorphism of fields and sources
In this section we study the consequences of the new functional variables introduced in the preceding section. Although these combinations follow directly from the rearrangement theorems, it is convenient to We observe that in the commutation or anticommutation relations (69) In the following we assume \Q) to be expressed in this transformed Fock basis and solve equations (70), (71) under this condition. In a first step we rewrite the eigenvalue equation (70) 
and (78), (79), (80) can be written in the following form From these equations it follows that in (83) -(85) the two sets of variables i = 1,2 are strictly separated and that in addition the Fock vacuum |0)p can be represented by |0)p = |0)p <g> |0)p, i.e. the direct product of the vacua for the two sets of variables. In accordance with these properties we can introduce the ansatz
where the states \G)\ i = 1,2 are referred to the corresponding subspaces of the whole Fock space. These states then have to satisfy the equations 
• l£) 2 = o.
Hence in the following we have to evaluate Eqs. (87) -(90). As in these equations absolute energy values appear we consider the whole system enclosed in a finite volume V. Afterwards we remove this restriction and perform the limit V -> oo. We consider the cases i = 1,2 separatly and later on combine the results.
We first show that it is not necessary to treat the case i = 2 explicitly. Once the i = 1 case is solved the results can immediately be taken over to the i = 2 case. For this case the corresponding equations are
By proposition 2 the existence of (90) and their right solutions is secured, provided the corresponding states |a) in Hilbert space exist. But in contrast to proposition 1 no statement about the left solutions was made. The explicit form of the equations given above allows to solve this problem. (90) 
Proposition 3: Equations

Resolution of the Gauß constraint
In the preceding section we demonstrated that in the new variables (67), (68) the functional equation (51) for the renormalized energy can be decomposed into two independent energy equations (87) and corresponding Gauß constraints (89), (90). Furthermore, it was shown that it suffices to treat the 2=1 case explicitly, while the i = 2 case can be treated along the same lines, i.e., the results of the i = 1 case can be taken over for the i -2 case. Hence in the following we concentrate on the i = 1 case.
The variables of the i = 1 case are given by (67). With respect to these variables we have the following 
where the first term represents the longitudinal part of the color electric energy, while the second term does not contain d anymore, i.e., is independent of the color electric field. Thus we can proceed in analogy to quantum electrodynamics; i.e., the first term of (99) has to be transformed into the color electric nonabelian "Coulomb" law, where of course we expect drastic modifications compared to quantum electrodynamics.
As the first step we evaluate the nonabelian Gauß -.r-N 1 constraint (93). We substitute d a k (r) = o k o a (r) into In accordance with our preceding discussion the Xj have to be considered as creation operators in functional (transformed) Fock space. Thus the inverse of (103) has to be constructed in this space. However, it has to be observed that the resolution of the Gauß constraint is intended at the elimination of the longitudinal branch. Hence the representation of the resolvent has to be restricted to the longitudinal subspace of the X 1 -Fock space. As on the other hand X) can be decomposed into
this means that for the resolvent calculation X}'* plays the role of an "external" parameter.
We observe that due to the commutativity of the new variables Z\ the corresponding functional Fock space basis can be represented by 
Using the properties of the projection operators which act on the coordinate A' Q , we obtain 
= ~J C{r,r')p\(r')d\'\Gy
and replace it by the symbolic notation
First we resolve this equation formally. 
with
Kn z\ m ) hx m (126)
Furthermore it is P i X]^t = X]^. By means of these where the dot means omitting the corresponding coformulas we can now express IZ^.
ordinates. 
is given by the resolvent integral kernel 
j\ jn
Let |JF(r)) and |X>(r)) be two functional states in a a transversal Fock space of type (113). Then we study the inversion of the equation
We substitute the inversion
into (132) and obtain by (131) [ H t (/*,r / ) |P(r'))dV = |P(r)).
Using (131) for the evaluation of the left-hand side of (134) and taking into account the invariance properties IVir)) against transversal projections, we obtain a |n f |P) = \V), i.e., the condition (133) is the resolution of (132), i.e., if by direct construction the postulate (131) can be fulfilled, IZi, is the exact right inverse of K t .
For the explicit construction of we substitute (127) and (128) 
These formulas can be used in the following theorem. For the second and the third term on the right-hand side of (147) one gets By comparison of (150) with (76) and (99) Comparison of (162) and (163) with (76) and (79) shows the complete structural analogy of the case i = 2 to the case i = 1. Hence we can completely take over the treatment of the case i = 1 to the case i = 2. This in particular means that propositions 5-10 can be applied to the resolution of (162) However, in contrast to quantum electrodynamics the effective Coulomb forces in (149) and (165) are rather complicated and need an additional detailed evaluation of the general formulas given in (149) and (165). But this would go beyond the present investigation. Therefore, in a first step we take into account only the lowest order of 1Z 2 . It is given by So far we have treated the algebraic formalism for quantum chromodynamics and the elimination of constraints without any reference to special representations which include the introduction of inner products and the emergence of representation-dependent effective functional Hamiltonians. In particular the latter are the only data obtainable for the formation of a time evolution, which then is representation-dependent and in this precise sense effective. It should be emphasized that this fact is a radical departure from the common treatment of quantum fields by perturbation theory, enforced by the algebraic concepts of representations of abstract operator algebras. This was already discussed in the introduction of I. How to introduce such representations and so forth into the representationfree dynamical equation (172) is not the topic of this paper, but we refer to [40] where the general way of incorporation of special representations into quantum field functional theory was outlined.
Conclusions
Our treatment shows that nonabelian gauge theories are considerably more complicated than abelian gauge theories. Hence for nonabelian gauge theories an additional discussion is needed about the results obtained in the preceding sections. Like in quantum electrodynamics, also in the case of quantum chromodynamics we succeeded in deriving a functional energy equation (169) which allows a selfconsistent calculation of functional energy eigenstates depending only on the transversal branches of gauge field variables. Therefore, within the framework of algebraic quantum chromodynamics in temporal gauge it is possible to isolate a selfconsistent subsystem from the whole set of dynamical equations, of which the variables correspond to the Coulomb gauge variables. In quantum electrodynamics we were able to show the equivalence of this system to the algebraic equations in Coulomb gauge. As an exact classical evaluation of the Coulomb gauge Hamiltonian does not exist in chromodynamics, a derivation of the corresponding functional energy equations cannot be performed and thus we cannot prove (169) to be the algebraic Coulomb gauge version of QCD. Nevertheless, due to the complete analogy of the derivation of isolated subsystems in both QED and QCD, we postulate that we have directly obtained the quantum version of the Coulomb gauge in chromodynamics. One characteristic feature of Coulomb gauge in QED is the absence of constraints. This also holds for the system (169). With respect to the invariance conditions of physical states against gauge transformations, one therefore has to investigate whether such an invariance is guaranteed for the solutions of (169). In spite of the difficulties mentioned above, the Coulomb gauge is a frequently investigated gauge in QCD, for reviews see [2] , [3] 
which for co a 4 e a is unequal zero. Hence any local gauge transformation destroys the gauge condition. Therefore, in Coulomb gauge no constraints resulting from local residual gauge transformations have to be imposed on the states. The only remaining gauge transformations are global ones with u) a (r) = e a , which leave the Coulomb gauge invariant. Thus the invariance against global gauge transformations is the only condition which has to be satisfied by the eigenstates of (169). But this invariance condition can be directly incorporated into the set of eigensolutions of (169) by construction of irreducible one-dimensional representations of the global gauge group within this set. The solution of this problem is standard and thus will not be discussed here. Furthermore, the invariance of the energy operator of (169) against global gauge transformation has to be proved in detail, but the success is secured since the Coulomb terms result from the global gauge invariant expression of the longitudinal color electric field energy.
Summarizing our discussion we have obtained a functional energy equation (169), which fulfills all requirements of an algebraic version of quantum chromodynamics in Coulomb gauge and which allows a selfconsistent calculation of functional algebraic energy eigenstates. The residual gauge invariance of states in this gauge is reduced to invariance against global gauge transformations, which can be guaranteed by standard methods of group theory.
